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A key notion in heavy-fermion systems is the entanglement between conduction electrons and localized spin
degrees of freedom. To study these systems from this point of view, we compute the mutual information in a
ferromagnetic and antiferromagnetic Kondo lattice model in the presence of geometrical frustration. Here the
interplay between the Kondo effect, the Ruderman-Kittel-Kasuya-Yosida interaction, and geometrical frustra-
tion leads to partial Kondo screened, conventional Kondo insulating, and antiferromagnetic phases. In each of
these states the mutual information follows an area law, the coefficient of which shows sharp crossovers (on our
finite lattices) across phase transitions. Deep in the respective phases, the area law coefficient can be understood
in terms of simple direct product wave functions thereby yielding an accurate measure of the entanglement in
each phase. The above-mentioned results stem from approximation-free auxiliary field quantum Monte Carlo
simulations.
I. INTRODUCTION
The Kondo effect describes the screening of a spin-1/2 mag-
netic impurity embedded in a metallic environment [1]. At
high temperatures the spin degree of freedom is decoupled
from the conduction electrons and below the Kondo scale a
many body entangled state of the spin and conduction elec-
trons emerges. To quantify entanglement between a biparti-
tion A and B of a system, one traces out the degrees of free-
dom B to obtain a reduced density matrix, ρˆA = TrHB ρˆ, the
Renyi entropy of which, Sn(A) = (ln TrρˆnA)/(1 − n), corre-
sponds to the entanglement entropy. Taking one subsystem to
be the impurity spin, and the other the conduction electrons,
the Kondo effect can be elegantly characterized by the transfer
of ln(2) thermal entropy at high temperatures to ln(2) entan-
glement entropy in the ground state, as recently computed in
a Kondo impurity model [2] and in a spin-1/2 chain sharing
the same low-energy behavior [3]. The energy scale at which
this transfer from the thermal entropy to the entanglement en-
tropy occurs is the Kondo temperature. More generally, local
entanglement is an important feature of two-level dissipative
systems [4, 5].
In the presence of a lattice of spins Kondo coupled to
conduction electrons, corresponding to heavy-fermion sys-
tems [6], the above picture breaks down. In fact spins can
now interact through the indirect Ruderman-Kittel-Kasuya-
Yosida (RKKY) exchange interaction [7], and thereby com-
pete with Kondo screening. Comparing these two energy
scales, it becomes apparent that Kondo screening dominates
when the exchange interaction between the localized spins
and the conduction electrons, JK, is positive and large, and
that the RKKY interaction dominates at small values of JK.
The intricate interplay between these two effects on nonfrus-
trated lattices leads to a quantum phase transition (QPT) be-
tween disordered and ordered magnetic phases [8–11]. The
Kondo effect can be switched off by considering JK < 0,
thereby promoting magnetically ordered phases [12]. In ad-
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dition, geometrical frustration is found to be of experimen-
tal relevance in many heavy-fermion materials such as CeP-
dAl, Pr2Ir2O7, YbAgGe, YbAl3C3, Yb2Pt2Pb [13–17], where
quantum phases do not easily fit into the aforementioned
cases. Geometrical frustration can lead to so-called partial
Kondo screened (PKS) phases where frustration is alleviated
by selective spatial screening localized spins [18–22]. The
essence of all aforementioned states can be captured by di-
rect product variational wave functions from which one can
directly assess the degree of entanglement between the spins
and conduction electrons. Entanglement entropies, although
not presently experimentally accessible in heavy-fermion sys-
tems, lend themselves to an experimental measure in systems
of cold atoms [23], which, in turn, allow one to realize Kondo
lattice models [24]. Alternatively, entanglement properties
have been recently proposed to be experimentally studied by
engineering the so-called entanglement Hamiltonian in cold
atom systems [25]. In this context, Ref. [26] introduces a nu-
merically exact method to determine the entanglement Hamil-
tonian in interacting models of fermions.
In this paper we investigate a Kondo lattice model Hamil-
tonian amenable to negative-sign-free quantum Monte Carlo
(QMC) simulations that provide specific realizations of the
states discussed above. Using recently developed methods
to compute the Renyi entropies [27] with the auxiliary field
QMC, we compute the mutual information and show that,
deep in the respective phases, the numerical value of the area
law coefficient can be well understood in terms of the product
state wave function description of the phase supplemented by
fluctuations, if necessary. Furthermore, we observe a singular
behavior of the area law coefficient across phase transitions.
II. MODEL
We consider the generalized Kondo lattice model on the
honeycomb lattice introduced in [22] with Hamiltonian
Hˆ = −t
∑
〈i,j〉
cˆ†i cˆj+JK
∑
i
1
2
cˆ†iσcˆi ·Sˆi+Jz
∑
〈〈i,j〉〉
Sˆzi Sˆ
z
j (1)
where the first sum extends over the nearest-neighbor sites
and describes the hopping of conduction electrons, cˆ†i =
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, giving rise to the well-known semimetallic band
dispersion [28], the second sum accounts for the Kondo
screening interaction between conduction electrons and spin-
1/2 local moments Sˆi, while the third term is the next-
nearest-neighbor antiferromagnetic interaction between local-
ized spins encodes frustration effects. This model can be
solved without encountering the negative sign problem [22];
here and in the following we consider half-filling for the con-
duction electron and use t = 1 as the energy unit. Due to
the antiferromagnetic coupling Jz this half-filled Kondo lat-
tice model on the honeycomb lattice with geometric frustra-
tion exhibits PKS phases alongside the conventional Kondo
insulator (KI) and antiferromagnetically ordered phases [22].
The mutual information In(Γc,ΓS) between two subsys-
tems of conduction electrons Γc and of localized spins ΓS is
In(Γc,ΓS) ≡ Sn(Γc) + Sn(ΓS)− Sn(Γc ∪ ΓS), (2)
where Sn(Γ) is the nth Renyi entropy for a subsystem Γ. Here
we take Γc as a compact subset ofN conduction electron sites,
and ΓS as the corresponding N localized spin sites coupled to
the subset Γc. Assuming the ubiquitous area law for the en-
tanglement entropy [29], In(Γc,ΓS) results are proportional
to the size of the boundary shared between Γc and ΓS :
In(Γc,ΓS) ' α2N. (3)
The mutual information is also defined in terms of the von
Neumann entanglement entropy, corresponding to the limit
n→ 1 in Eq. (2). In this case I1(Γc,ΓS) satisfies [30]
I1(Γc,ΓS) ≥ 〈OcOS〉 − 〈Oc〉〈OS〉‖Oc‖2‖OS‖2
, (4)
where the numerator represents the connected correla-
tion of two arbitrary operators Oc and OS acting on
the subsystem Γc and ΓS , respectively, and ‖X‖ ≡
{sup√〈ψ|X†X|ψ〉, 〈ψ|ψ〉 = 1} is the norm of an operator
X . According to Eq. (4), I1(Γc,ΓS) bounds all mutual corre-
lations of operators in Γc and ΓS , thus providing an operator-
independent entanglement measure. Due to the above bound,
I1(Γc,ΓS) captures both high- and low-energy scales.
Here, we shall consider the mutual information for Renyi
index n = 2. The coefficient α introduced in Eq. (3) is the
main quantity investigated in this work. In the presence of
Kondo screening In(Γc,ΓS) essentially counts the number of
Kondo singlets formed between Γc and ΓS , such that in the
limit JK →∞ Eq. (3) holds exactly with α = ln(2).
III. METHOD
We have investigated the Hamiltonian of Eq. (1) by means
of auxiliary field QMC [31–33] simulations, using the method
of Ref. [22] which, in essence, consists in a fermion repre-
sentation of localized spins obtained via Lagrange multipli-
ers. We refer to Ref. [22] for more details on the formula-
tion. A similar technique can be used to simulate the canon-
ical ensemble [34]. Simulations have been performed using
the ALF package [35]. To compute the Renyi entropies we
have used a method introduced in Ref. [27], and also used in
[36–39], which allows to formulate the reduced density ma-
trix within auxiliary field QMC. Beside Renyi entropies, the
technique can be exploited to unbiasedly determine the entan-
glement Hamiltonian [26]. Reference [40] provides a short
review of computational approaches to entanglement in inter-
acting fermionic systems.
IV. RESULTS
In Fig. 1(a) we reproduce the rich phase diagram of the
model for JK > 0, Jz ≥ 0. At finite Jz the model has a
reduced U(1) spin symmetry corresponding to spin rotations
around the z axis, as well as the point group and translation
symmetries of the honeycomb lattice. The KI phase breaks no
symmetries, the in-plane antiferromagnetic (xy-AFM) phase
breaks the U(1) spin symmetry, and the z-PKS phase breaks
nematically the point group and has reduced translation sym-
metry. The xyz-PKS phase differs from the z-PKS one in
that it additionally breaks the U(1) spin symmetry [22]. In
Fig. 1(a) we also show three lines on the phase diagram where
we analyze the mutual information. Moreover, we study the
entanglement for JK < 0, Jz = 0, where the model favors
the formation of an effective spin S = 1 Heisenberg antifer-
romagnet in the strong-coupling limit. In all the QMC data
presented here we have simulated a lattice 6 × 6 unit cells
corresponding to 144 orbitals.
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FIG. 1. (a) Ground-state phase diagram with antiferromagnetic
(AFM), out-of-plane PKS (z-PKS), spin-rotation symmetry break-
ing PKS (xyz-PKS), and KI phases from QMC simulations [22].
Dashed lines connects transition points and the dotted line sketches
the expected boundary between the KI and z-PKS phases. The three
thick lines indicate the scans of the phase diagram considered here.
(b) Mean-field schematic picture of S = 1/2 and S = 1 AFM, KI,
and z-PKS phases.
3FIG. 2. Coefficient α of the area law for the mutual information along the line (1) on Fig. 1(a) and also for JK ≤ −1, Jz = 0. We consider
two inverse temperatures β = 40, 60, and for four values of the minimum subsystem size taken into account in the fits.
We first consider a scan for Jz = 0, where the model re-
duces to a standard Kondo lattice model on the honeycomb
lattice with the conventional RKKY driven AFM phase and
KI phase. A fit of I2(Γc,ΓS) for up to nine choices of Γc,
ΓS to the right-hand side of Eq. (3) allows us to extract the
coefficient α shown in Fig. 2, for two inverse temperatures
β = 40, 60, and as a function of the minimum subsystem
size Nmin taken into account in the fits. More technical details
on the chosen subsystems Γc, ΓS are reported in Appendix
A. We observe consistent results for the fitted values of α.
In the KI phase conduction and localized electrons are paired
into a spin singlet, such that for JK  0 the ground state ap-
proaches a product of single-site singlet wave functions shown
in Fig. 1(b), giving a ln(2) entanglement entropy per pair. In-
deed, in the KI phase α reaches an asymptotic value ln(2) for
JK & 3. Interestingly, a change of concavity in the plot of
α occurs around the QPT between the AFM and KI phases,
at JK ' 1.4 [22]. In the AFM phase at JK > 0 the conduc-
tion electron local moment aligns antiparallel to the spin and
is reduced in magnitude due to charge fluctuations. The essen-
tial features of the AFM phase can be captured by a product
wave function, in which the total local moment of conduction
electrons and spins form a Ne´el order as depicted in Fig. 1(b).
Entanglement between spins and conduction electrons origi-
nates from subleading Kondo screening as argued in Ref. [12]
and also from long-wavelength spin-wave fluctuations of the
Ne´el order parameter. In Fig. 2 we also show α for a ferro-
magnetic coupling JK < 0. Different than the JK > 0 case,
here the Kondo coupling favors the formation of a spin triplet
in the ground state of the model, without Kondo screening.
Starting from the limit JK → −∞, where on each lattice site
the spin singlet state |S = 0〉 is projected away, a finite large
value of JK < 0 gives rise to an antiferromagnetic exchange
term between S = 1 states on the honeycomb lattice. Thus,
in this situation the system reduces to a Heisenberg S = 1
model. Its antiferromagnetic ground state is well captured by
the semiclassical large-S expansion, and consists in a Ne´el
state, illustrated in Fig. 1(b). Since such a ground state is pri-
marily built on |S = 1, Sz = ±1〉 states, the entanglement
between conduction electrons and localized spins is expected
to be small. This observation is clearly reflected in the α coef-
ficient shown in Fig. 2, whose values for JK < 0 are substan-
tially smaller than for JK > 0. For instance, we find α ' 0.1
for JK = 1 and α ' 0.024 for JK = −1. The computed value
of α grows on reducing JK < 0, but appears to saturate to a
value significantly smaller than the limiting value ln(2) found
for JK →∞.
In order to investigate the z-PKS phase we compute the
mutual information as a function of Jz for fixed JK = 1.8.
As illustrated in Fig. 1(a), this second scan crosses the con-
ventional KI and z-PKS phases. Due to an enlarged unit cell
expected in the z-PKS phase [22], we have in this case con-
sidered only three possible subsystems Γc, ΓS , with equal size
N = 6, 13, 22. In view of the limited amount of available
data, and in order to reliably study the coefficient α we have
considered three possible linear fits: a fit including all data,
a fit disregarding the smallest size N = 6, and a fit disre-
garding the largest size N = 22. In Fig. 3(a) we show the
corresponding results, for two inverse temperatures β = 30,
40. Despite fluctuations larger than the error bars, indicat-
ing sizable corrections to Eq. (3), we observe a clear trend
in α, which decreases from α≈ 0.45 to α≈ 0.17. Moreover,
the curve shows again a change in the curvature at a value of
Jz approximately consistent with the onset of a QPT between
the KI and z-PKS phases, located at Jz ≈ 0.8 [22] [see also
Fig. 1(a)]. For Jz & 1.4, α saturates to a plateau α≈ 0.17.
Such a value, which approaches the limit Jz → ∞ at fixed
JK is in fact JK-dependent, as shown by the computation of
α along path (3) in Fig. 1(a). In Fig. 3(b) we show the re-
sulting α, whose curves are qualitatively similar to the case of
Fig. 3(a), but saturate to a large value α≈ 0.23 for large Jz .
The emergence of an area law with a coefficient α < ln(2)
confirms the mechanism of partial Kondo screening in the
z-PKS phase, emerging from the competition of the antifer-
romagnetic interaction and the Kondo coupling. To under-
stand the structure of the ground state we consider the limit
4FIG. 3. Coefficient α of the area law for the mutual information
along line (2) (above) and line (3) (below) on Fig. 1(a), for inverse
temperatures β = 30, 40, and three different fits (see main text).
JK, Jz → ∞, i.e., the atomic limit t = 0 in which the
honeycomb lattice decomposes into two independent triangu-
lar sublattices. In this limit the Hamiltonian (1) commutes
with the z component of the total spin operator on site i,
Stot,zi ≡ Sc,zi + Szi , with Sc,zi ≡ (1/2)cˆ†iσzcˆi . Accordingly,
one expects the ground state to have Stot,zi = 0, such that its
wave function is constructed from the states |+〉i ≡ | ↑, ↓〉i
and |−〉i ≡ | ↓, ↑〉i, whereas states obtained with the remain-
ing base vectors | ↑, ↑〉i and | ↓, ↓〉i are gapped. In the Hilbert
space spanned by {|+〉i, |−〉i} the Hamiltonian (1) is, up to a
constant,
Hˆ =
Jz
4
∑
〈〈i,j〉〉
ZˆiZˆj +
JK
2
∑
i
Xˆi + . . . , (5)
where the operators Zˆi, Xˆi are defined by Zˆi|±〉i = ±|±〉i,
Xˆi|±〉i = |∓〉i and satisfy the commutation rule of the SU(2)
algebra. Therefore, in the atomic limit and close to the ground
state the Hamiltonian (1) reduces to that of an antiferromag-
netic transverse-field Ising model, on a triangular lattice. Be-
yond the atomic limit, the effective low-temperature Hamil-
tonian acquires additional interactions which we have already
anticipated in Eq. (5). However since for a finite, but large,
JK/t , and still JK  Jz the additional states are gapped,
we expect the ground state to be well representable in the
{|+〉i, |−〉i} basis. It is known that the above Ising model
has a three sublattice structure and that the sign of the sixfold
clock term in the Landau-Ginzburg functional determines if
the ground state will be hierarchical, |Ψ〉 = |+〉i|−〉j(|+〉k +
|−〉k)/
√
2, or uniform [41, 42],
|Ψ〉 =|+〉i
(
γ|+〉j −
√
1− |γ|2|−〉j
)
⊗
(
γ|+〉k −
√
1− |γ|2|−〉k
)
.
(6)
Here, i, j, k label the three sites of the sublattice struc-
ture. Numerical calculations in Ref. [22] point to the uni-
form ground state, so we use this product wave function to
account for our mutual information results. Here, |γ| ≤ 1
controls the partial polarization of the sites j and k and the
direct product wave function is illustrated in Fig. 1(b). As
we discuss in Appendix B, for the state of Eq. (6), α =
−(2/3) ln(1 − 2|γ|2 + 2|γ|4), which takes values between
0 and 2 ln(2)/3 ' 0.46, thus including the plateaus found in
Fig. 3.
V. CONCLUSIONS AND DISCUSSION
The bound on the von Neumann entanglement entropy
based mutual information presented in Eq. (4) implies that for
our choice of Γc and ΓS the mutual information picks up IR
as well as UV physics. Deep in a phase, or in a sink in the
renormalization-group parlance, where the correlation length
is finite one can model the ground state with a direct product
wave function that provides a modeling of all energy scales.
With this wave function the coefficient of the area law of the
mutual information can be computed. In the Kondo lattice
model considered here, we have an explicit realization of three
phases, AFM, PKS, and KI. The simple direct product wave
functions for these three phases presented in Fig. 1(b) have an
area law coefficient set by α = 0 for the Ne´el representation of
the AFM phase, α = ln(2) for the strong-coupling KI phase,
and α bounded by 2 ln(2)/3 for the PKS phase. The KI value
of α is exact in the strong JK limit and is very well repro-
duced when JK is comparable to half the bandwidth, W = 6.
Deep in the PKS phase α shows a JK dependent plateau upon
enhancing Jz . The value of this plateau depends on the de-
gree of partial Kondo screening as described by γ in Eq. (6).
Clearly, the Ne´el wave function shows no entanglement, but
of course does not capture fluctuations leading to Goldstone
modes and to entanglement. For these phases, both for posi-
tive and negative values of JK the mutual information remains
small but does not vanish. It is however noticeable that α is
larger in the AFM phase at JK > 0 than at JK < 0. We under-
stand this difference in terms of subleading Kondo screening
present for the antiferromagnetic model but absent for the fer-
romagnetic one. Computations of the single-particle spectral
function [12] confirm this point of view.
On our finite lattices we have observed clear crossovers in
the area law coefficient of the mutual information across phase
transitions. How this behavior reflects the criticality of the
transition as well as possible corrections to the area law at
critical points is left to future investigations.
From the technical point of view, the present calculation of
the mutual information does not lead to a noticeable increase
51 2 3
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FIG. 4. Partition of lattice sites used to compute the mutual information I2(Γc,ΓS). For each illustrated subset of sites, Γc is the corresponding
set of conduction electron sites, and ΓS the set of localized spin sites coupled to Γc. When Jz > 0, due to the enlarged unit cell we have
computed I2(Γc,ΓS) using only subsystems no. 3, no. 7, and no. 9.
in computational effort. It can be used as a standard observ-
able independent measure to pick up QPTs and thereby map
out phase diagrams in various heavy-fermion systems and be-
yond. This is very similar to unsupervised machine learning
algorithms aiming at automatically mapping out phase dia-
grams [43]. As mentioned above it also provides further in-
formation on phases. In this context we note that this quantity
has recently been used [44] to validate the understanding of a
Kondo breakdown transition.
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APPENDIX A: COMPUTATION OF THE MUTUAL
INFORMATION
In order to compute the coefficient α introduced in Eq. (3)
we have sampled I2(Γc,ΓS) choosing different subsets of lat-
tice sites. As explained in the main text, Γc is a compact sub-
set of lattice sites of the conduction electrons and ΓS contains
the localized spin sites coupled to Γc. In Fig. 4 we illustrate
6FIG. 5. Mutual information I2(Γc,ΓS) at JK = 2.7, Jz = 0, β = 60
for the choices of Γc, ΓS shown in Fig. 4, as a function of the size
N of Γc and ΓS . We compare with a linear fit to the right-hand side
of Eq. (3), for different choices of the minimum subsystem size Nmin
taken into account.
the nine choices of Γc, ΓS used here. In the presence of non-
vanishing antiferromagnetic coupling Jz , due to the enlarged
unit cell [22] we use only the subsystems no. 3, no. 7, and no.
9, shown in Fig. 4. As we discuss in the main text, for a given
value of JK and Jz , the coefficient α has been obtained by a
linear fit of I2(Γc,ΓS) as a function of the size N . In Figs. 5
and 6 we show two examples of such a procedure, in the KI
phase and in the z-PKS phase.
APPENDIX B: RENYI ENTROPIES IN THE Z-PKS PHASE
For a product wave function ansatz like that in Eq. (6), and
for any choice of Γc and ΓS , consisting in a set of N conduc-
tion electron sites and in the set of the corresponding coupled
localized spin sites, the reduced density matrix of Γc∪ΓS is a
pure state. Hence, Sn(Γc ∪ ΓS) = 0 and Sn(Γc) = Sn(ΓS),
FIG. 6. Same as Fig. 5 for JK = 1.8, Jz = 1.8, β = 40, in the
z−PKS phase, and for subsystems no. 3, no. 7, and no. 9, shown
in Fig. 4. We compare with three linear fits, obtained by using all
data (Nmin = 6), disregarding the smallest size (Nmin = 13), and
disregarding the largest size (N = 6, 13).
FIG. 7. Coefficient α of the mutual information area law for the wave
function ansatz of Eq. (6).
such that, in order to determine I2(Γc,ΓS) is it sufficient
to compute the entanglement entropy of the localized spins
Sn(ΓS). On each triangular unit cell, the ansatz of Eq. (6)
results in a factorized reduced density matrix for ΓS ,
ρS ≡ Trc |Ψ〉〈Ψ| = ρiρjρk, (B1)
with |Ψ〉 as given in Eq. (6) and
ρi = 1,
ρj = ρk =
∑
σ=↑,↓
〈σ|ψ(γ)〉〈ψ(γ)|σ〉,
|ψ(γ)〉 ≡ γ|+〉 −
√
1− |γ|2|−〉.
(B2)
Since, apart from a site index, the single-site reduced density
matrices ρj and ρk are identical, in Eq. (B2) and in the fol-
lowing, with a slight abuse of notation, we have dropped the
site indexes y, z in |ψ(γ)〉. Using the definition |+〉 ≡ | ↑, ↓〉
and |−〉 ≡ | ↓, ↑〉, the reduced density matrix for the sites j
and k is readily computed as
ρj = ρk = (1− |γ|2)| ↓〉〈↓ |+ |γ|2| ↑〉〈↑ |. (B3)
Using Eqs. (B2) and (B3) the second Renyi entropy for the
single triangular unit cell is
S2 = −2 ln
(
1− 2|γ|2 + 2|γ|4) . (B4)
Finally, the coefficient α defined in Eq. (3) corresponding to
the Renyi entropy of Eq. (B4) is
α = −2
3
ln
(
1− 2|γ|2 + 2|γ|4) . (B5)
In Fig. 7 we plot α as a function of |γ|, for |γ| ≤ 1. The
minimum value of α is α = 0, and corresponds to γ = 0,
1: for such values of γ the state is a product of a conduction
electrons and a localized spins states. Viceversa, a maximum
value of α = 2 ln(2)/3 is found for γ = 1/
√
2, corresponding
to the maximally entangled spin singlet state.
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